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Abstract. In this short note, we present certain generalized versions of the commutator formulas of 
some natural operators on manifolds, and give some applications. 
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q ■ 1. Introduction 

The purpose of this note is to present several general commutator formulas of certain natural operators 
on Ricmannian manifolds, complex manifolds and generalized complex manifolds. We would like to 
point out that such commutator formulas are essentially consequences of the classical Cartan formula 
for Lie derivative, but they have deep applications in geometry such as in studying the smoothness of 
deformation spaces of manifolds. For example one direct consequence of the commutator formula is the 
Tian-Todorov lemma which is essential for proving the smoothness of the deformation space of Calabi- 
Yau manifolds in [TU1 E] and also [TJ] . The general commutator formulas derived in the note also have 
applications in proving smoothness of more general deformation spaces such as that of the generalized 
complex manifolds in [5] . We will discuss the applications of these commutator formulas in deformation 
theory in our subsequent work. 
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2. Cartan formula and a general commutator formula 

In this section we first present a general commutator formula on a Riemannian manifold. We first fix 
notations. Given a smooth vector field X , a smooth vector bundle V on the smooth Riemannian manifold 
■ M, and a connection V on V which extends to covariant derivative on the space of smooth V- valued 

differential forms Q*(V), we denote by Lx the Lie derivative acting on f2*(V) and by j the contraction 
operator. We will also denote by lx the contraction of a differential form by the vector field X. Unless 
[ specially designated, [•, •] will always denote the usual Lie bracket. 

Our starting point is the following formula as Cartan observed: 



(2.1) L x uj = Xj(Vw) + V(Xjw), for lo <= fl*(V). 

Then our general commutator formula can be stated as follows. 
Lemma 2.1. For two smooth vector field X and Y on M, 



, — i 

X 

(2.2) [X, Y}jlo = XjV{Yauj) + V{Xj(Yjuj)) - Ya{XaVuj) - YjV(Xjlu) 



Proof. On one hand, it is obvious by Cartan's formula (|2.ip that 

L x {Yju) = XjV(Yju) + V(Xj{Yju)). 

And on the other hand, 

L x (Yjlj) = (LxY)jlj + yj(L x w) = [X, Y]jlj + Fj(XjVw + V(A"jw)), 

where the last identity apply Cartan's formula (|2.ip again. Then (12. 2[) follows from these two identities 
above. □ 

Remark 2.2.0 This formula can be considered as a slight generalization of the well-known commutator 
formula of Lie derivatives acting on differential forms: 

(2.3) [Lx^y] = L [x,Y}- 
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• 2 • Cartan Formula and Its Applications 

It is easy to see that the commutator formula i2.S\) is a special case of our formula when V is taken as a 
trivial bundle on the manifold M . In fact, applying both sides of \2. 2\) to a differential form r € Q*(M), 
we easily get 

(2.4) Y j{Xjdr) = Xjd(Yjr) + d(Xj{Yj T )) - Yjd{Xjr) - [X, Y]jt, 
which can also be written as 

(2.5) [X, Y]jt = L x (Yjt) - Yj(L x t), 

which is just the formula \2. 3\) . (See Formula LIE 5 of Proposition 5.3 on pp. 140 of [SJ.j Furthermore, 
if t € Q (M), then \2.I$ becomes our familiar identity 

dr(X, Y) = X(t(Y)) - Y(t(X)) - r([X, Y]), 

by the vanishing of d(X j(Y jt)) in {2.J$ - 

Remark 2.3. Another proof of this formula is to use formula for covariant derivative. Without loss of 
generality, we just consider the special case that V is a line bundle. We denote by and r the connection 
1-form (matrix) with respect to the connection V and a form of degree k on M respectively. By definition, 
the covariant derivative of t ® s £ £l k {V) is given by 

(2.6) V(t»s)=(1t8s + (-1)VaVs, 
where s is a smooth section of V . Firstly, we can easily check that 

(2.7) Yj(Xj(t A 0)) = (Xj(Yjt)) A - Xj((Yjt) A 6) + Yj((Xjt) A 6). 
Actually, it is easy to know via a direct calculation that 

LHS = Fj((Ajt) A 9 + (-l) fc r A (Xj0)) 

= 7j((1jt) A 6) + (-l) fc (Xj(6> A (Fjt)) - (-1)6» A (Xj(Fjt))) 

= Yj({Xjt) A 6) + (-l) fc (-l) fc - 1 Xj((y J r) A 0) + {-l) k+k - 2 (XA{YjT)) A 
= RHS. 

Then, without loss of generality, assuming that s is a smooth local frame of the smooth line bundle V , by 
adding up the tensor products \2. 7| )CED( — l) k s and \2.4ty ®s, we have reproved our formula i2.2\) according 
to the formula of covariant derivative i2.6\) . 



3. Commutator formula on complex manifolds 

In this section, we consider an n-dimensional complex manifold M and a holomorphic vector bundle 
V over it. As the applications of our commutator formula, we derive a general commutator identity for 
any ^-valued (n, *)-form and also any U-valued (*, *)-form on M, and as an easy consequence we derive 
the Tian-Todorov lemma. Unless otherwise mentioned, V will always denote the Chern connection of the 
Hermitian holomorphic vector bundle V throughout this section. 

Following pp. 152 of [7], we first introduce some notations. As usual, we let A p,q (V) := A p,q (M, V) 
be the space of smooth (p, g)-forms with coefficients in V. If X — J^ILi X l di and Y = Y17=i ^di, then 

[X, Y] = Y^{X l d l Y j - Y l d l X J )d J . 

For the generalization, let 

u>* = V <£ ■ dz 11 A • • • A dz>* 

and 

Definition 3.1. For (p — J2i ^ ® ®% an & ^ — J2i *0 l ® ®i> we define 

n 

[<p, V>] = £ A d ^ 3 " A ditf) (8 dj, 

»>j=i 
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where 

<W = ^V^ - dz jl A • • • A d&> 
l ^ p\ L^i ,j P 

and similarly for . In particular, if (p,tp € A 0,1 (M, T^f), then 

n 

[<p, v>] = J2 fa* A d ^ 3 + ^ A ^ ® ^- 

With the setup above, we have the following general commutator formula for U-valued (n, *)-forms on 
the complex manifold M. 

Proposition 3.2. For any holomorphic vector bundle V , anyui®s <E A n -* {V^and any <pi e A°' 1 {M,T] i f), 
i = 1,2, there holds 

(3.1) [</>i, </> 2 ]-i(w ® s) — (0i j9(0 2 jw)) ® s — <9(0 2 j(0i jw)) <g> s + (02_i0(0i_iu;)) (8) s, 
or equivalently, 

(3.2) [0i, 2 ]ju> = 0ij<9(0 2 ju;) - <9(0 2 j(0ijw)) + 02j9(0i-iw). 
Proof. We first show the following identity 

psT,y]j(T(g>s) = (Ajd(yjr))®s+d(Aj(rjT))«)s-(yj(AjdT))®s-(rjd(Ajr))®s, for r®s G A n '*(F). 

One way to approach this identity is a direct application of (|2.4j) . while here we adopt a lengthy but more 
intrinsic proof. In fact, we have 

[A, F]j(t®s) 

=AjV(Yj(t <g> s)) + v(Ij(7j(t <g> s))) - Fj(AjV(t <g> s)) - FjV(Aj(t ® s)) 

= (Ajd(FjT)) ®s + (-l) n - 1 (Aj(y J r)) ® Vs + rf(Xj(Fjr)) ® s + (-1)™(Xj(Yjt)) <g> Vs 

- (Yj(Ajdr)) ® s - (-1)"(Yj(Ajt)) ® Vs - (Yjd(AjT)) ® s - (-1)™" 1 (Tj(Ajt)) <g) Vs 
= (Xjd(Yjr)) ® s + d(Aj(FjT)) ® s - (Fj(Ajdr)) <g> s - (Yjd{Xjr)) ® s, 

where the first equality applies our general commutator formula (|2.2[) . 

Then, if we take raswA dz kl A <iz fc2 and X,Y as (0i)fc i: (02)fc 2 , respectively, we can conclude the 
proof of (|3.ip . In fact, set 

& = {<t>i)k®dz k , 

where (0i)g = Sj=i(0*)i afj ^ s a vec tor field of type (1,0). Then by definition it is easy to check that 

[01 J 02] = [(0l) 5l ,(02) 5 J®(^ fcl Ad^) 

and thus 

[01, 2 ]^ = ([(01)^,(02)^) A (dz k > A dz* 2 ) = [(0i) Sl , (02)fc 2 ]j(w A A d^ 2 ). 

Hence, by applying our formula (12.21) in the special case (i.e., the commutator formula (|2.4I) as pointed 
out in Remark l2.2p to the complex setting, and taking r = oj A e?z fel A dz' 02 and only the components of 
(n — 1, 2) -type forms, one has 

[(01)^,(02)^]^^ Adz k *) 

(3.3) = (0i) SlJ d((02)^Adz fcl Adz fc2 )) + d((0 1 )^((0 2 k 2 ^Adz fel Adz* 2 ))) 

-(0 2 )S 2 j3((0i) Si j( W A A dz k >)) - (02)^^(00^^(0; A dz fcl A dz k >)). 
It is not difficult to know via a simple calculation that 

[01, 2 ]-lW = 01 J<9(02-IW) - 9(0 2 J(01JW)) + 02 J<9(01 jw) , 

by the vanishing of the last term of right-hand side of (I3.3[) . 

□ 

2 Here ui £ A n, *(M) and s is a smooth section of V. In the following , we will adopt this convention without chance for 
confusion. 
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Cartan Formula and Its Applications 



Remark 3.3. It is interesting to write down the following several useful identities from the proof of \3.2\) 
and (TO]) : for any uj (g s E A*'*(V), 

01_l(9(02-iw) — 9(0 2 -l(</>l-lw)) + 2 J<9(0i_iw) — 2 _l(0i_l<9w) = 0, 

or equivalently, 

(3.4) (0i_h9(0 2 ju;)) <g a - <9(0 2 -i(0i-iw)) ® s + (0 2 j<9(0uw)) (g) s - (0 2 -i(0i-i<9u;)) <g s = 0, 
and i/ie f more J complete general commutator formula 

(3.5) [01, 2 ]jU; = 01 J<9(0 2 JCJ) - <9(02_l(01-iw)) + 02 j9(0ijcj) - 02-l(01-»9w), 

or equivalently, 

(3.6) [01, 2 ]j(w <g> S) = (01 j9(0 2 JO;)) (gl S — <9(02-l(01 JW)) ® S + (02J9(01JW)) ® S — 02-l(01-l<9w) ® s. 

Moreover, there holds 

[01, 2 ]jW = 01 jd(0 2 -iw) - d(0 2 j(01_iw)) + 2 jd(0l JW) - 2 j(01 jrfcj). 

or equivalently, 

(3.7) [0i, 2 ]j(w (g) s) = (0i jd(0 2 jw)) <g> s - d(0 2 j(0i jw)) <g s + (0 2 jd(0i_iw)) <g s - 2 j(0i jdw) (g s. 

Based on the argument above, we obtain another general commutator identity for Hermitian holomor- 
phic vector bundle valued (n, *)-forms on complex manifolds. 

Theorem 3.4. For any Hermitian holomorphic vector bundle V, any n G A n, *(V) and any 4>i S 
A°- 1 (M,Tlf), i = 1,2, ' 

[01, 2 ]j7? = 01 jV(0 2 J7?) - V(0 2 j(01 J?/)) + 2 jV(01 Jfj) - 02 J (01 J V??) , 

where V is i/ie Chern connection of the Hermitian holomorphic vector bundle V . 

Proof. Let r = rank(V). Assume that s — {si,--- ,s r } is a local holomorphic frame of V and that 
h = (h^) = (h(si, Sj)) is the matrix of the metric of h under s. Without loss of generality, we can locally 
set 

r r 

(3.8) rj = '^^uji®Si and Vs t - = 6jj (g Sj, 

i=l 3 =i 

where u>i G A n '*(M) and 6ij = Y2k=i ' ^ ^ s the connection (l,0)-form of V with respect to s. 

Now we proceed to our proof. Firstly, we note that for any two functions / and g on the complex 
manifold M, letting fuji substitute for u> in (|3.2p . one has 

[01,02]-l/Wj = -a(0 2 j(01j/cj l )) + 0l_l<9(02j/w 1 ) + 02-l<9(01 j/cjj). 

So by l|3.2p we have 

= -9/ A (0 2 j(0ij Wi )) + A (02-iWi)) + 02j(9/ A (0i_iWi)) 

and its equivalent form 

(3.9) = — <7 • df A (0 2 j(0uo; l )) <g> Sj + <f>u(g ■ df A (02-iWj)) (g Sj + 2 j(s ■ df A (0uWi)) <g> Sj. 
Next, submitting dh^ ■ h 3 into (|3.9p as g ■ df and taking sums over fc and then over j, then we obtain 

(3.10) = -Vsj A (0 2 j(0uo;. i )) + 0i-i(Vsi A (0 2 JWi)) + 02j(Vsi A (0i_iWi)) 
according to (|3.8p . 

Then, combining (|3.10l) . (|3.1[) and (|3.4[) with to and s replaced by and Sj respectively, and sum- 
ming over z, we can complete our proof according to the formula (I2.6[) for covariant derivative and the 
assumption (|3.8p . 

□ 

Actually, we can easily generalize Theorem 13.41 above to any rj G A*'*(V). 

Corollary 3.5. For any Hermitian holomorphic vector bundle V, any r/ G A*'*(V) and any 0j G 
A°' 1 (M,Tlf) > i = 1,2, there holds 

(3.11) [01, 2 ] J7? = 01 _lV(0 2 Jf?) - V(0 2 j(01J?7)) + 2 jV(01 Jfj) - 2 j(01 -iV??), 

where V is the Chern connection of the Hermitian holomorphic vector bundle V . 
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Proof. Based on the identities (13.61) and p.7[) , we can obtain (|3.11[) by the same computation as we use 
to prove Theorem 13.41 and the details are left to the readers. □ 

Next, following the paper of S. Barannikov and M. Kontsevich [T], we can present some reformulation 
of the above results as follows. Let us fix a (k, Z)-form lj G A k,l (M). It induces a linear map0 

p 

A°> q (M, f\T]£) — > A k - p - q+l (M$ : ^ JW . 
We define a map A u from t to A*'*(M) by the formula 

A w := <9(0jw). 

Similarly, let us fix a V- valued (k, /)-form rj G A k,l (V). It induces a linear map 

p 

A°' q (M,f\Tlf) — > A k - p ' q+l (V) : 0J7?. 
Then, a map o v from t to A*'*(V) is defined as the formula 

o v <t> := V(0j7?). 
Here t is the differential graded Lie algebras given by 

t=0t fc , t fe = A^(M,J\Tlf), 

k p+q—l—k 

endowed with the differential d, and the bracket coming from the cup-product on <9-forms and the standard 
Schouten-Nijenhuys bracket on polyvector fields. 

Then we can generalize and restate Proposition 13.21 and restate Identity (|3.5I) and Corollary 13.51 as 
follows. 

Proposition 3.6. (1) For any w G A n '*(M) and any 2 G A°' q (M, /\ p Tjf), i = 1,2, there holds 

[0i, 2 ]jw = -A w (0i A 2 ) + 2 jA tl) 0i + 0ijA w 2 . 

(2) For any ui G A*'*(M) and any 4 G A Q > l (M,T]£), i = 1,2, we have 

[01,0 2 ]jW = -(A w (01 A 2 ) - 02-lA w 0l - 0ijA u 2 + (0i A 2 )j9). 

(3) For any i] G A*'*(V) and any & G A°' 1 (M, T]f), i = 1,2, one has 

[01,0 2 ]j?7 = -(<>,, (01 A 2 ) - 02-1 O,, 0! - 01 J 02 + (01 A 2 )jV). 

Finally, for the reader's convenience we briefly recall how to derive the original Tian-Todorov lemma 
from the above commutator formulas. 

Lemma 3.7. Let M be an n- dimensional complex manifold with a non-vanishing holomorphic n-form 
loq, which is given in a local coordinate chart (U ; z 1 , • • • , z n ) by Wo|;y = dz 1 A • • • A dz n . Then: 

a) (Lemma 3.1 in [10], or also Section 2 in [2]) For G A n ~ 1 ' 1 (M), i = 1,2, 

(3.12) [^1,^2] = -9(a;2Ji _1 (wi)) +wi A tt(ata 2 ) + w 2 A $(dwi), 

where i : A 0,q (M,Tlf) A n ~ l ' q (M) is the natural isomorphism by contraction with loq and fl denotes 
the obvious map identifying the (n, q)-form 7/ A ujq with the (0, q)-form n by U)q, i.e., j}(?7 A u)q) = rj. 

b) (Lemma 1.2.4 in [TT], or also Lemma 64 in [TJ]) For 4 G A°' l (M, T]£), i = 1, 2, wii/i <9(0 4 jw o ) = 0, 

(3.13) [0i,0 2 ]jcj o = -9(02J(01JW O )). 

Actually, both (I3.12j) and (13.131) can be achieved by (|3.2j) . In fact, for each we have some 0$ G 
.A ' (M, Tj^ ) via Wi = Wo-i0i- Then [wi, w 2 ] = woj[0i, 02]- Here we need a simple commutator rule, that 
is, for any u G A k ' l (M) and V G A°>«(M, A P T^°), one has 

(3.14) oj^ijj = {-l) q ^ +l -^i>ju. 

So by the commutator rule (|3.14p . we have [wi,w 2 ] = [0i,02]-iwo and 

wi A %{dw 2 ) = -g)Kj02)j0i = (-l) ( " +1)+ "- 1 0i J 5(02^ o ) = 0u0(0 2 ju;o). 



In our manuscript, this map and also the following map <j> \-¥ </>jr] were mistaken as two isomorphisms, which is kindly 
pointed out by the referee. 

4 For convention, here we set k > p. 
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Cartan Formula and Its Applications 



Similarly, LJ2 A (t(9wi) = 02_i<9(0i jwo)- It is easy to check that 

-5(w 2 Jt~ 1 (wi)) = -5(0ij(02jw o )) = -a(0 2 -i(</>i-iw o )). 
Therefore, we obtain an equivalent form of Tian's identity, 

(3.15) [<£i, 2 ]-iw o = -9(02 j (0i jw )) + 0i j<9(0 2 -iwo) + 2 j9(0ijw o ), 

which is just the identity (|3.2p with w = wo- 

As for Todorov's identity (|3.13|) . we just need notice that the condition <9(0i_iojo) = results in the 
vanishing of the last two terms in the right-hand side of (13. 15|) . 

By this crucial Tian-Todorov lemma, the well-know 99-lemma and Kuranishi's construction of power 
series, Tian [TU] and Todorov [TT] proved the famous Bogomolov-Tian-Todorov unobstrution theorem. It 
can be stated rough as follows. Let M be a Calabi-Yau manifold, where n = dimAf > 3. Let ir : X — > S, 
with central fiber 7r _1 (0) = M be the Kuranishi family of M, then the Kuranishi space S is a non-singular 
complex analytic space and dimS" = dim Hq(M, 0m) = dim H^(M, Sl™^ 1 ), where is the holomorphic 
tangent bundle of M. 



4. Twisted commutator formula on generalized complex manifolds 

In this section, we prove a twisted commutator formula on generalized complex manifolds, reprove 
Corollary 13.51 for any Hcrmitian holomorphic vector bundle and obtain a more general commutator 
formula in Corollary 14. 61 as the applications of our twisted commutator formula. 

First of all, let us introduce some notations on generalized complex geometry and we refer the readers 
to [31 [S] and the references therein for a more detailed and systematic treatment of generalized complex 
geometry. Here we just list some basic concepts we need in this note. 

Let M be a smooth manifold, T := T M the tangent bundle of M and T* := T*- { its cotangent bundle. 
In the generalized complex geometry, for any X, Y G C°° (T) and £, r\ 6 C°° (T*), T © T* is endowed with 
a canonical nondegenerate inner product given by 

(4-1) (X + C,Y + V ) = ^(l x ( V ) + ly(0), 

and there is an important canonical bracket on T © T* , so-called Courant bracket, which is defined by 
(4.2) [X + i, Y + r,] = [X, Y] + L XV - L Y i - \d{i X (n) ~ t Y ($) . 

Here, [•, •] on the right-hand side is the ordinary Lie bracket of vector fields. Note that on vector fields the 
Courant bracket reduces to the Lie bracket; in other words, if pri :T(&T* — > T is the natural projection, 

pn([A,B}) = ]pri(A),pn(B)]), 

for any A, B e C°°(T©T*). 

A generalized almost complex structure on M is a smooth section J of the endomorphism bundle 
End(T © T*), which satisfies both symplectic and complex conditions, i.e. J* = — J (equivalently, 
orthogonal with respect to the canonical inner product (|4.ip ) and J 2 = — 1. We can show that the 
obstruction to the existence of a generalized almost complex structure is the same as that for an almost 
complex structure. (See Proposition 4.15 in [3].) Hence it is obvious that (generalized) almost complex 
structures only exist on the even-dimensional manifolds. Let E C (T © T*) © C be the +i-eigenbundle 
of the generalized almost complex structure J. Then if E is Courant involutive, i.e. closed under the 
Courant bracket (14.2[) . we say that J is integrable and also a generalized complex structure. Note that E 
is a maximal isotropic sub-bundle of (T © T*) © C. 

As observed by P. Severa and A. Weinstein [9], the Courant bracket (|4.2j) on Tffi T* can be twisted by 
a real, closed 3-form H on M in the following way: given H as above, define another important bracket 
[;-] H onTffiT* by 

[X + C Y + r)] H = [X + C Y + n] + L Y ix(H), 
which is called H-twisted Courant bracket. 

Definition 4.1. A generalized complex structure J is said to be twisted generalized complex with respect 
to the closed 3-form H when its -\-i-eigenbundle E is involutive with respect to the H-twisted Courant 
bracket and then the pair (M, J) is called an _ff-twisted generalized complex manifold. 
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From now on, we consider the i/-twisted generalized complex manifold (M , J) denned as above. 
Postponing listing some more notions in need, we must remark that they are not exactly the same as the 
usual ones since we just define them for our presentation below, and maybe miss their usual geometrical 
meaning. The twisted de Rham differential is given by 

G^ = d+(-l) fe i?A-, 

where R G £l k (M,M.). A natural action of T © T* on smooth differential forms is given by 

(X + -a = i x (a)+£f\a, for any X G C°°(T), £ G C°°(T*) and a G Q*(M,C). 

Actually, this action can be considered as 'lowest level' of a hierarchy of actions on the bundles T(J)(ffi r A r 
T*), r = 1, 2, • • ■ , defined by the similar formula 

{X + £i + £2 + • • • ) • a = L X (a) + £1 A a + £2 A a + ■ ■ • , 

for any X G C°°(T), £1 + £ 2 + • • • G C°°(© r A r T*) and a G fP(M, C). Then in the following discussion 
we adopt the action of A = A Y A ■ ■ ■ A A k G C°° ( /\ k (T0(© r A r T*))) on Q*(M, C) given by 

(4.3) A ■ a = (Ai A ■ ■ ■ A A k ) ■ a = A x ■ A 2 A k ■ a, for any a G Cl*(M, C). 

The generalized Schouten bracket for A = A x A ■ ■ ■ A A p G C°°(A P (T © T*)) and B = B x A ■ ■ ■ A B q G 
C°°(A«(T © T*)) is defined as 

[A, B] R = ^2(-iy +: >[A u Bj] R A A x A • • • A Ai A ■ ■ ■ A A p A B x A • • • ABj A • • • A B t , 

id 

where'means 'omission', the R-twisted Courant bracket [Ai,Bj]n is defined as [Ai,B,j\ + iy. LXi(R) if we 
take Ai — Xi+ £j and Bj =Yj+ rjj, and the action of [Ai, Bj]n comply with the principle of (|4.3[) . Here 
we note that if R is a 3- form and X + £, Y + r\ e C°°(T © T*), then the R- twisted Courant bracket 
[X + £, y + r?] fl still lie in C°°(T © T*). However, for R being general, the bracket [X + £,Y + rj\ R doesn't 
lie in C°°{T®T*) in general since Lyix{R) is not necessarily a 1-form, but in C°°(T0(© A* T*)); hence 
this bracket still makes sense under the action (|4.3|) . 

Proposition 4.2. (See also Lemma 4.24 of [3], (17) of [3] and Lemma 2 of [5].) for cmy smooth differential 
form p, any smooth odd-degree form R and any A G C°° (A p E*) , B G C°°(A q E*), we have 

(4.4) d K (A.B-p) = (-l) p A-d fl (B-p) + (-l)^- 1 ^i?-^(A. / ,) + (-ir- 1 [AS]fl-p+(-ir +g+1 A- J B-^. 

Proof. Firstly, we consider the initial case, i.e., A, B G C°°(E*). It is proved by Gualtieri in Lemma 4.24 
of [3] that 

(4.5) A ■ B ■ dp = d(B ■ A ■ p) + B ■ d(A ■ p) - A ■ d(B ■ p) + [A, B] ■ p - d{A, B) A p, 

where A,Be C°°(T©T*). Actually, (|4.5p is essentially due to the commutator formula (|2.3[) and classical 
Cartan formula Lx = do i x + t*x d. In our case, we can drop the last term involving the inner product. 

Later, Kapustin and Li proved the iJ-twisted version in (17) of [3] and then Li generalized it to any 
A e C^iAPE*) and B G C°°(A q E*) in Lemma 2 of [S], where H is a real closed 3-forrrfl Here we give 
a slightly more general version when R is any smooth form of odd degree. For the reader's convenience, 
we will write down the details as follows though the essential idea of this process is due to [5]. 

Now let us compute (A ■ B) ■ (R A p). Let A = X + £, B = Y + n and R G Vt k (M, R) with odd k. By 
a direct computation and the notations introduced above, we have the following two equalities 

B ■ R A (A ■ p) 

={i Y + T}A)(R A i X {p) + R A £ A p) 

(4.6) =l y (RAl x (p)) +L Y (RA£Ap)+nARAL X (p)+nARA£Ap 

= l y {R) A ix(p) + {-l) k R A LYix(p) + i>y{R) A £ A p + {-l) k R A i Y {Q A p 
+ (-l) fe_1 i? A £ A t Y (p) + n A R A t x (p) + V A R A £ A p 

and 

(4.7) B ■ A ■ p = l y l x (p) + l Y (0 A p - £ A L Y (p) + n Al x (p) + V A £ A p. 



^In [5], Yi Li proved an analog of the Bogomolov-Tian-Todorov theorem for ff-twisted generalized Calabi-Yau manifolds 
by his critical Lemma 2, that is, the unobtruction and smoothness of the moduli space of generalized complex structures 
on a compact H-twisted generalized Calabi-Yau manifold. 
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Hence, we have 

(A-B)-(RA p) 
=(ix + £A)(ty(iJ A p) + 77 A R A p) 

=i x iy(RA p) + tx(v ARAp) + £ A l y (R A p) + (,Ar]ARAp 

(4.8) = l x l y {R) Ap+ (-l) fc_1 ty(i?) Aix(p) + (-l) k L X (R) A L Y (p) + R A l x l y (p) 

+ l x (77) A R A p - 77 A l x (R) A p + {-l) k+1 v A R A i x (p) 

+ £ A l y (R) A p + (-l) fc £ A R A i Y (p) + RA£ Ar] A p 

=R A (£ • A ■ p) + B ■ R A (A ■ p) - A ■ R A (B ■ p) - l y l x {R) A p, 

where the last equality applies the equalities (|4.6[) and (|4.7I) . So by combining (14. 5[) with the last term 
dropped and (|4.8|) with minus sign, we complete the proof of the initial case of (|4.4[) . 

Then, by induction on the degrees of A and B, we can conclude the proof. Actually, we just need to 
assume that (|4.4p holds for all p < r and q = s and then show that it holds for p = r + 1 and q = s 
since f|4.4[) is graded symmetric in A and B. Here we set A = Aq A A with A = A\ A • • • A A T and 
B = Bx A ••• A B s , where all A 4 . B. k e C°°{E*). Assume that A = X + £, where X G C°°(T) and 
^C°°(r). Then, one has 

■ B ■ p) 

={d - RA)(l x + £A)(I • S • p) 

= (L X + d£ A ■ - l x (R) A •) (1 • B • p) - A ■ d R {A ■ B ■ p) 

(4.9) ={L X + <% A • - i x (R) A -)(A ■ B ■ p) - A ■ ((-l) r A ■ d R (B ■ p) 

+ (-lf-^ s B ■ d R (A ■ p) + {-l) r - l [A, B] R -p+ (-l) r+s+1 A ■ B ■ d RP ) 

=(-l)(r+i) A . dR ( B . p) + (-iy*B • d R (A ■ p) + (-l) r+s A -B-d RP + {-l) r (A A [A, B] R ) ■ p 

+ (L x +d£A-- l x (R) A •)(! • B ■ p) - {-l) rs B ■ (L x + d£ A ■ - l x (R) A -)(A ■ p). 

Next, we need the following 

Claim 4.3. For any C E C°°(E*) and a e n*(M,C), we have 

[L x + d£ A ■ - l x (R) A •, C-]a = [Aq, C] r ■ a, 

where the bracket [•, •] on the left-hand side of the equality is just the usual Lie bracket. 

Before the proof, we can easily see from this claim that the last two terms on the right-hand side of 
(|4.9p combine to give us 

(-iy s ([A ,B] R A A) -p 
and then the last three terms on the right-hand side of (|4.9I) combine to give 

{-iy[A,B] R - P . 

Hence, one has 

d R (A -B-p) = (-l)^A ■ d R (B • p) + (-iy s B ■ d R (A ■ p) + (-l) r+s A -B-d R p+ (-l) r [A, B) R ■ p, 

by which we complete the induction. 

Finally, we prove Claim |4~B1 to conclude the proof. If we write C = Y + 77, then 

[L x + d£ A ■ - l x (R) A •, C-]a 

=L X L Y (a) — L Y (L x a) + (L x rj) A a + l y l x (R) A a — L Y (d^) A a 

— L [x.Y]( a ) + (Lxv) A a + l y lx(R) A a — i Y (d£) A a 

=i[x,Y-](a) + (LxV) A a - (Ly£) A a - ^d(b X {ri) - iy(Q) A a + l y l x (R) A a 
= [X + £, Y + ?/] ■ a + l y l x (R) A a 
=[Aq,C] r ■ a, 

where the second equality uses the commutator formula (12.31) : Lx ° iy — iy Lx — l [x,y\i an d the third 
equality uses the fact that ix ij]) + ly (£,) = and the classical Cartan formula Lx — d o lx + ix d. □ 

As a direct corollary of Proposition 14.21 one has 
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Corollary 4.4. For any smooth differential form p, any smooth 1-form R and any A, B £ C oc (/\ 2 E*), 
we have 

(4.10) d R {A -B-p)=A- d R (B -p) + B- d R (A ■ p) — [A,B] ■ p — A- B ■ d R p. 

Obviously, similar to (|3 . 1 [) vs (|3.2j) . we can obtain an equivalent form of (I4.10j) . 

Then, based on the discussions above, we can reprove Corollary 13.51 for any Hermitian holomorphic 
vector bundle on a complex manifold. Here we follow the notations in the previous section. 

Corollary 4.5. Let V be an arbitrary Hermitian holomorphic vector bundle on the complex manifold M . 
For any uj G A*'*(V) and any fa S A 0,1 (M,T^°), i — 1,2, there holds 

[fa, fa]-*w = fa^(fa-iuj) - V(faj(fajuj)) + fajV(fajuj) - faj(faJVuj), 
where V is the Chern connection of the Hermitian holomorphic vector bundle V . 

Proof. This corollary is a direct application of Corollary 14 . 41 when we set A = (fa)' 1 • di and B = (fay • dj 
and take R as the connection (1,0) -form matrix 9 of the connection V with respect to a holomorphic 
frame s of V with minus sign, by the same principle as we choose g ■ df in the proof of Theorem 13.41 It 
is obvious that E in Corollary 14.41 is taken as T 0,1 (g) T* 1 ' in our case. More precisely, since 

[A,B]=[(fay-di,(fay -dj] 

= - [(fa)\ dA A di A (fay - [d h i(t> 2 ) j ] A (fa) 1 A dj 

(d^i) 1 ) a a, a fay - t di (di^y) a i^y a d, 
=(ct> 2 y a d 3 (fay a di + (fay a d (fay a d,, 

then one has 

[A,B] -lu = [fa,fa]juj. 

Moreover, one easily knows that 

A ■ d R (B ■ uj) = faj\7(fa^uj), 
B-d R (A-uj) = fajV(fajuj), 
d R (A-B-u) = V(faj(faju)) 

and 

A ■ B ■ d R LU = 02-l(01-lVcj). 

Hence, by substituting the five equalities above into (|4.10p i^)s the equivalent form of (|4.10p . we complete 
our proof. □ 

Almost by the same argument as the previous corollary, we can generalize it to any polyvector fields 
as follows. 

Corollary 4.6. Let V be an arbitrary Hermitian holomorphic vector bundle on the complex manifold M . 
For any u S A*'*(V) and any fa £ A°^(M, f\ p * Tif), 1=1,2, there holds 

[fa,fa]-iu = fa^(fa-iuj) - \7(fa-i(fa.iuj)) + fa_i\7(fa_iu}) - faj(fa jVw), 

where V is the Chern connection of the Hermitian holomorphic vector bundle V and [■, •] on the LHS is 
the standard Schouten-Nijenhuys bracket on polyvector fields. For convention, here we assume that the 
first bidegree of uj is not less than any pi . 
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